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Abstract. In this article we studied Nielsen coincidence theory 
for maps between manifolds of same dimension without hypotheses 
on orientation. We use the definition of semi-index of a class, we 
review the definition of defective classes and study the appearance 
of defective root classes. We proof a semi-index product formula 
type for lifting maps and we presented conditions such that defec- 
tive coincidence classes are the only essencial classes. 



1. Introduction 
Nielsen coincidence theory was extended ( [Dobrenko fc Jezierskij and 



Jezierski~2] ) to maps between nonorientable topological manifolds us- 



ing the notion of semi — index (a non negative integer) for a coincidence 
set. 

We consider maps f,g:M—>-N between manifolds without bound- 
ary of the same dimension n, we define h = {f, g) : M ^ N x N, then 
using microbundles (see |,Tezierski~2] for details) we can suppose that 

is in a transverse position. 

Let to be a path satisfying the Nielsen relation between x,y E Coin{f, g). 
We choose a local orientation 70 of M in x and denote by 7^ the trans- 
lation of 7o along w{t). 

Definition 1.1. [Jezierskf^ L2] We will say that two points x,y E 
Coin{f, g) are R-related (xRy) if and only if there is a path w estab- 
lishing the Nielsen relation between them such that the translation of 
the orientation h^'~fo along a path in the diagonal A(A^) G N x N ho- 
motopic to ho w in N X N is opposite to Kji. In this case the path w 
is called graph- orientation-reversing. 

Since {f,g) is transverse, Coin{f,g) is finite. Let A C Coin{f,g), 
then A can be represented as A = {ai,a2,-- - , a^; 61, Ci, • • • ,bk,Ck} 
where biRci for any i and aiRoj for no z j. The elements {ai}i 
of this decomposition are called free. 

Definition 1.2. In the above situation the semi — index of the pair 
{f,g) in A = {ai,a2,--- , a^; 61, Ci, ■ ■ ■ ,bk,Ck} (denoted \ind\{f, g; A)) 
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is the number of free elements of this decomposition of A. 

\ind\{f,g;A) = s. 

In |Dobrenko fc Jezierskij and I.Tezierskf^ we can find the proof of 
the fact that this definition does not depend on the decomposition of 
A. Moreover, if U C M is an open subset we can extend this definition 
to a semi-index of a pair on the subset U {\ind\{f,g; U)). 

Definition 1.3. A coincidence class C of a transverse pair {f,g) is 
essential if \ind\ (/, g; A) ^ 0. 

In IJezierskfT] the authors studied when a coincidence point x G 
Coin{f, g) satisfy xRx. These points can only appear in the nonori- 
entable case, they will be called self-reducing points. They represent a 
new situation (see IJezierskfTI Example 2.4]) that never occurs in the 
orientable case or in the fixed point context. 

Definition 1.4. / |,Tezierski ![ 2A]) Let x E Coin{f,g) and let H C 
7ri(M), H' C 7ri(A^) denote the subgroups of orientation-preserving 
elements. We define: 

Coin{f#,g#)^ = {a E ni{M,x) \ f#{a) = 

Coin^{f#,g#)^ = Coin{f#,g#)^ (1 H. 

Lemma 1.5. / |,Tezierski 2.2]) Let f,g : M N be transverse 
and X E Coin{f,g). Then xRx if and only if Coin^{f^, g^)^ ^ 
Coin{f#, g#)x H f^^{H') (in other words, if there exists a loop a based 
at X such that f o a ^ g o a and exactly one of the loops a or f o a is 
orientation-preserving) . 

Definition 1.6. A coincidence class A is called defective if A contains 
a self-reducing point. 

Lemma 1.7. / [Jezierski H 2.3]^ // a Nielsen class A contains a self- 
reducing point (i.e. A is defective) then any two points in this class are 
R-related, and thus: 

I- j\r r A\ f if if A is even; 
\^nd\{f,9;A) = ^^ 

2. The root case 

In |Brown fc Schirnier] we can find a different approach to extending 
the Nielsen root theory to the nonorientable case. Using the concept 
of orientation-true^ map they classified maps between manifolds of the 
same dimension in three types (see also jOlum] and jSkoraj ) : 

Definition 2.1. f [Brown Schirmerl 2.1]; Let f : M N be a map 

of manifolds. Then three types of maps are defined as follows. 

is orientation-true if for each loop a G tti(M), f{a) is orientation-preserving 
if and only if a is orientation-preserving. 
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(1) Type I: f is orientation-true. 

(2) Type II: f is not orientation-true but does not map an orientation- 
reversing loop in M to a contractible loop in N. 

(3) Type III: f maps an orientation-reversing loop in M to a con- 
tractible loop in N. 

Further, a map f is defined to be orientable if it is of Type I or II, and 
nonorientable otherwise. 

For orientable maps they describe an Orientation Procedure ( |Brown fc Schirmer|, 
2.6]) for root classes, using local degree with coefficients in Z. For maps 
of Type III the same procedure is only possible with coefficients in Z2. 
They then defined the multiplicity of a root class, that is an integer for 
orientable maps and an element of Z2 for maps of Type III 

Now if we consider the root classes for a map / to be the coincidence 
classes of the pair (/, c) where c is the constant map, we have: 

Theorem 2.2. Let f : M ^ N be a map of manifolds of the same 
dimension. 

(i) // / is orientable, no root class of f is defective. 

(ii) // / is of Type III, then all root classes of f are defective. 

Proof: By lemma a coincidence class C of the pair (/, c) is 
defective if and only if there exists a point x G C and a loop a in x 
such that / o a ~ 1 and a is orientation-reversing. This proves the ffist 
statement. 

Now let / be a Type III map. Then there exists a loop a G tti{M, xq) 
such that a is orientation- reversing and / oa~l. If a: is a root of / 
choosing a path (3 from x to Xq we have that 7 = jS'^ajS is a loop in x 
such that 7 is orientation-reversing and / o 7 ~ 1. Then all roots of / 
are self-reducing points. □ 

In fact |Brown fc Schirnier| Lemma 4.1] shows the equality between 
the multiplicity of a root class and its semi-index. 

Theorem 2.3. Let M and N be manifolds of the same dimension such 
that M is nonorientable and N is orientable. If f : M N is a map 
then all essential root classes of f are defective. 

Proof: There are no orientation-true maps from a nonorientable to 
an orientable manifold. If / is a Type II map then by jBrown fc Schirnier| 
Lemma 3.10] deg{f) = and / has no essential root classes. The result 
follows by proposition 12.21 □ 

Using the ideas of Proposition 12.21 we can also state: 

Lemma 2.4. Let f,g:M^N be two maps between manifolds of the 
same dimension. If there exist a coincidence point xq and a graph- 
orientation-reverse loop a in xq such that f{ot) is in the center of 
7ii{N), then all coincidence points of the pair {f,g) are self-reducing 
points. 
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Proof: We can suppose that all coincidences of the pair (/, g) have 
image on the same point in A^. If xi e Coin{f, g) we choose a path {3 
from xi to Xq and take the loop 7 = o a o at Xi. Since a belongs 
to the center of 7ri{N), 7 is a graph-orientation- reverse loop at Xi. □ 

Corollary 2.5. Let f,g:M^Nbe two maps between manifolds of 

the same dimension such that /^(7ri(M)) is contained in the center 
of Tri{N). If {f,g) has a defective class then all classes of {f,g) are 
defective. 



3. Covering maps 

Let M and N be compact, closed manifolds of the same dimension; 
f,g : M ^ N he two maps such that Coin{f,g) is finite, and p : 
M ^ M and q : N ^ N he finite coverings such that there exist hfts 
f,g:M^Noi the pair f,g. 




In this situation the groups of Deck transformations of the lifts M 
and N can be described by: 

MM) vri(iV) 



S)(M) 



I)(7V) 



Choosing a point xq G Coin{f,g) we define /*,xo;fi'*,xo • 

D(M) ^ 

D{N) such that, for each a e 'D{M) we take a e 7ri(M, xq) such that 
S)(M) 3[a]=a and: 

l,M^[f#{a)]eV{N) 

9*,M = [^#(«)] e ®(^) 
We note that f^.^^^ , g^^xo J^ay depend on xq. Choosing a G Coin{f, g 
we have. Vx e M and Va e S)(M): 

= g*,xo{a) og{x) 

Lemma 3.1. Le^ xq G Coin{f,g) and a e S])(M). T/ien Q;(£i)) e 
Coin{f, g) if and only if f*,xo{a) = g*,xo{'^) where xo = p{xo). 

Proof: By the above observation we have f{a{xo)) = f*,xo{c()of(^xo) 
and g{a{xo)) — g*,xo{(^) ° gi^o)- This proves the lemma. □ 



COINCIDENCE CLASSES IN NONORIENTABLE MANIFOLDS 5 



Corollary 3.2. Let xq G Coin{f,g) and xq = p{xq). Then p ^{xq) fl 
Coin{f,g) have exactly ^Coin{f^,j.Q,'g*,xo) dements. □ 

Lemma 3.3. Let xq and x'q be two coincidences of the pair {f,g) such 
that p{xq) = p{x'q) = Xq, and let 7 the unique element of D{M) such 
that 7(xo) = x'q. The points xq and x'q are in the same coincidence 
class of {f,g) if and only if there exists 7 G 7ri(M, Xq) such that: 

• S)(M) 9 [7] = 7; 

• /#(7) = 9#h)- 

Proof: (^) If Xq and x'q are in the same coincidence class of {f,'g), 
there exists a path (3 from xo to x'q that realizes the Nielsen relation, 
{i.e. Jo /3 ^gop). 

Take 7 = p{(3) G 7ri(M, xq). We can see that [7] = 7 and / o 7 = 
g o /o ~ g o ^ o /? = ^ o 7 showing that /#(7) = ^(#(7). 

(<^=) Take the lift 7 of 7 starting at xq. It is a path from xq to x'q 
that realizes the Nielsen relation, {i.e. / o 7 ~ 7). □ 

Corollary 3.4. In lemma \S~^ if the points xq and x'q are in the same 
coincidence class of {f,g) then XqRx'q if and only if sign{f^^x^^{'~f)) ■ 
sign{'~f) = —1. In this case, Xq is a self-reducing coincidence point. 

Proof: First we note that since /#(7) = g#{^) then f*^xo{l) = 
^*,xo(7) we can see that sign{f^^xoi.l)) ' sign{'j) = —1 if and only if 
the paths 7 and 7 in the proof of lemma l373l are both graph orientation- 
reversing. □ 

Denoting the natural projection by j^o '■ '^i{M, xq) — > S}(M) and the 
set {a G 7ri(M, Xo) | f#{a) = g#{a)} by Coin{f#, g^)^^,, we have: 

Corollary 3.5. If xq is a coincidence of the pair {f,g) then the set 
P~^{xq) n Coin{f,'g) can be partitioned in Jj^°(c:!,inlJ'^^g^)'' ) disjoint 
subsets, each of then with ^jxQ{Coin{f^, g^)xo) elements that are all 
Nielsen related (therefore contained in the same coincidence class of the 
pair {f,g)). Moreover, no two points of different subsets are Nielsen 
related. □ 

Lemma 3.6. Let Xq,Xi be coincidence points in the same coincidence 
class of the pair {f,g), a be a path from xq to xi that realizes the 
Nielsen relation, xq^^'q be coincidence points of the pair {f ,'g) such 
that p{xq) = p{x'q) = Xq, and 7 the unique element of D{M) such that 
7(xo) =x'q. If a and a' are the two liftings of a starting at xq and x'q 
respectively then: 

(i) 5(1) and a'{l) are coincidence points of the pair {f,g); 

(ii) 5(1) (a'{l)) is in the same coincidence class as xq (x'q). 

(iii) p(5(l)) = p{a'{l)) = xi; 
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(iv) 7(S(1)) = 5'(1). 

(v) If a is a graph orientation-reversing-path (in this case XqRxi) 
then 5(1) and 5'(1) are graph orientation-reverse-paths (in this 
case XqRxi and XqRx[). 

Proof: (i), (ii) and (iii) are known (we can prove them using covering 
space theory). To prove (iv), we take 7 G 7ri(M, xq) such that D{M) 3 
[7] = 7 we can see that projection of the path ao^oa^^ G tti (M, xi) 
in D{M) coincides with 7. 

To prove (v), we use |Dobrehko fc ,Tezierski[ lemma 2.1, page 77]. □ 

Theorem 3.7. Let M and N be compact, closed manifolds of the same 
dimension, f,g : M ^ N be two maps such that Coin{f,g) is finite, 
and p : M ^ M and q : N ^ N be finite coverings such that there 
exist lifts f,^:M^Nof the pair {f,g)- If C is a coincidence class 
of the pair (/, g) then C = p{C) is a coincidence class of the pair (/, g) 
and 

I ■ ,1/7 ~ i s ■ k (mod 2) if C is defective: 

hnd\(f,g] C) = < , .1, • 

' / g . 1^ otherwise, 

where s = \ind\{f,g,C), k = ij^j{Coin{f^,g^)^^) and xq G C. 

Proof: The fact that C = p{C) is a coincidence class of the pair 
(/, g) is known. We choose a point xq G C. Since Coin{f, g) is finite we 
can suppose that a decomposition C = {xi,X2, ■ ■ ■ , ci, c'^, C2, Cg, ■ ■ ■ ,c„ 
is such that each Xi is free, and for all pairs Cj, we have CjRc'y 

Now we choose paths 2 < i < s; and {7j}j, ^ < j < n 

(see figure HJ such that: 

• aj is a path in M from xi to Xi that realizes the Nielsen relation. 

• (3j is a path in M from xi to Cj that realizes the Nielsen relation. 

• 7j is a graph-orientation- reversing path in M from Cj to c^. 




^1 OL2 X 



Figure 1. The class C and the chosen paths. 

For each element {x^} of p~^{xi)r\Coin{f , g) (by CoroUarv 13 . 21 there 
were i^Coin{f^,^xi,g*,xi) such elements) we take lifts {5f}i,fc, and 
{(p^}j,k of the paths {ai}i, and {7^- o /3j}j respectively, starting 

at x^. 

Using Corollary 13.51 and Lemma 13.61 at the point G C we obtain 
that the set p^^{C)nCoin{f , g) is the union of i^Coin{f^:^xi,g*,xi) copies 
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of the class C and these copies can be divided in 

disjoint coincidence classes of the pair {f,g)- Each one of these classes 
contains i^jxi{Coin{f^, g^)xj copies of the class C. 

The result follows by Corollary IH.4I □ 

4. Two FOLDED ORIENTABLE COVERING 

Let M and be manifolds of same dimension with M nonorientable 
and N orientable; f,g : M ^ N he two maps such that Coin{f,g) is 
finite, and p : M — ^ M be the two-fold orientable covering of M. We 
define f ,g : M N hj f = f o p and g = g o p. 

M 

\ / 

9 \ 

Lemma 4.1. Under the above conditions, if C is a coincidence class 
of the pair {f,g) then p~^{C) C Coin{f,g) is such that: 

(1) p~^{C) can be divided in two disjoint sets C and C , of the same 
cardinality, such that p{C) = p{C') = C . 

(2) If xi,X2 G C (or C) then xi and £2 are in the same coincidence 
class ofp,g) 

(3) C and C are in the same coincidence class of the pair {f,g) if 
and only if C is defective. 

Proof: We need only to take q : N ^ N as the identity map in the 
CoroUarv 13.21 Corollarv 13.41 and Lemma f3. 61 □ 



Corollary 4.2. Under the hypotheses of lemma \4^ we have: 

(1) IfC is not defective then C and C are two coincidence classes of 
the pair (/, Ij) with ind{f, g, C) = —ind{f, g, C) and \ind\ (/, 'g, C) 
\ind{f,g,C)\. 

(2) // C is defective then C U C is a unique coincidence class of 
the pair [f ,'g) with ind{f,g, C U C) = 0. 

Proof: The first part is a consequence of lemma H?T| and the second 
can be proved using the fact that M is the double orientable covering 
of M. It is useful to remember that the pair {f,g) is a pair of maps 
between orientable manifolds. □ 

Corollary 4.3. Under de hypotheses of lemma \4-l\ we have: 

(1) L{lg) = 0; 

(2) N{f,g) is even; 

(3) N{f,g)>^; 
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(4) If N{f,g) = then all coincidence classes with nonzero semi- 
index of the pair {f,g) are defective. 

Proof: We need only to see that p{Coin{f ,g)) = Coin{f, g), and 
that in the pair {f,g) we "lose" the defective classes. □ 

5. Applications 

Theorem 5.1. Let f,g:M—*N be two maps between compact closed 
manifolds of the same dimension such that M is nonorientable and N 
is orientable. Suppose that N is such that for all orientable manifolds 
M' of the same dimension of N and all pairs of maps f\g' : M' — > 
we have L{f',g') = ^ N{f',g') = 0. Then all coincidence classes 
with nonzero semi-index of the pair (/, g) are defective. 

Proof: The hypotheses on are enough to show, using the notation 
of the proof of theorem 14.11 that N{f,g) = 0. So by corollary 14.31 
all coincidence classes with nonzero semi-index of the pair (/, g) are 
defective. □ 

We note that the hypotheses on the manifold in theorem 15. in 
dimension greater then 2, are equivalent to the converse of Lefschetz 
theorem. In dimension 2 these hypotheses are not equivalent but nec- 
essary for the converse of Lefschetz theorem. 

Remark 5.2. The following manifolds satisfy the hypotheses on the 
manifold N in the theorem \5.1l 

(1) Jiang spaces ( Goncalves & Wong 1' Corollary 1]/ 

(2) Nilmanifolds (^ [Gongalves fc Wong 2^ Theorem 5]j. 

(3) Homogeneous spaces of a compact connected Lie group G by a 
finite subgroup K f |Gongalves fc Wong ![ Theorem 

(4) Suitable manifolds f |Wong[ Theorem 3 e Theorem 4]j . 
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